Abstract: We present a numerical approach to the solution of elastic phonon-interface and phonon-nanostructure scattering problems based on a frequency-domain decomposition of the atomistic equations of motion and the use of perfectly matched layer (PML) boundaries.
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with homogeneous and periodic boundaries such as interfaces between smooth, epitaxial interfaces and in superlattices. The DMM has also been heavily utilized in literature as the DMM conveniently addresses two issues simultaneously: (1) it treats phonon interaction with the interface as incoherent elastic scattering, which has been argued to agree with experiment better than coherent theories 14 . (2) it allows transmission coefficients to be calculated at arbitrarily large wavenumber using only the phonon dispersion relations of the two materials being interfaced 10 . On the other hand, recent experimental observations indicate that for smooth and epitaxial films, coherent effects may be important [15] [16] [17] .
Amongst coherent models for phonon transmission at smooth interfaces, wavepacket analysis within Molecular Dynamics (MD) is one highly developed spectrally-resolved approach 13, 18 .
MD is a time-domain approach in which a scattering system is modeled at an atomic level of detail and the interatomic interactions are based on potential functions. Wavepacket MD has been used both to study phonon transmission across single interfaces and to study scattering of phonons from embedded nanostructures. The MD approach performs simulations by preparing an isolated phonon wavepacket and observing its time evolution as it passes through an interface or scatterer 13, 18 . MD simulations use the velocities and displacements of the atoms after the interaction has completed to determine properties such as reflectivity from an interface 13 or scattering cross section from isolated embedded nanostructures 18 .
The ability of MD to model complex systems with atomistic detail is a major advantage over other available techniques. However, there are some important limitations. Since wavepackets must generally be initially located inside a homogenous region, a buffer region of atoms must be allocated that encompasses the entire wavepacket; however, if the extent of the wavepacket is made to be small to decrease computational requirements, then the spectrum of wavelengths represented in the wavepacket becomes broadened. Thus, MD models of phonon scattering do not track a single wavelength, and the breath of the spectrum has been as wide as 50% of the center wavelength for practical implementations 18 . In addition, small group velocity modes present computational challenges, since atoms may vibrate quickly, necessitating short time step, meanwhile the wavepacket itself moves very slowly. Thus, many timesteps are needed to track the wave as it passes through and beyond the scattering zone. Such dispersion may also spread the spatial extent of the wavepacket as it moves, which in turn may necessitate a larger buffer region before and after the scattering region that is required for the initial wavepacket. Non-linear interaction potentials (such as the Lennard-Jones potential) also require special attention be given to phonon-phonon 4 interaction, which may be undesirable physics if the purpose of the simulation is to capture phonon-structure interactions.
The atomistic Green's function (AGF) method was developed to alleviate many of the issues surrounding MD wavepacket methods. Briefly, the method performs harmonic decomposition of the equations of motions for one or more isolated "contact" regions and a "device" region that contains the interface or scatterer, and then seeks to solve a selfconsistent coupled problem using an associated connection matrix. The mathematics behind the method is highly developed, but ultimately reduces scattering problems to a linear set of equations via sparse/banded matrix for which atomic displacements in both the device region and contact regions are obtained. A recent review of the method and a summary of its applications was given by Sadasivam et al 19 . The method was originally developed to calculate phonon transmission coefficients 20 , though a report has demonstrated extension of the method to calculate scattering rate of 3D embedded nanoparticles 21 . The method has also been integrated with Ab-Initio calculations to model realistic local bonding 22 , and in one case has been amended using a Keldysh diagrammatic approach to include anharmonic effects 23 .
In this work we present an alternative numerical route to the solution of elastic phonon scattering problems based on a frequency-domain formulation. The approach has similar advantages to AGF when compared to time-domain MD formulations, including the ability to simulate scattering from individual phonon modes (as opposed to wavepackets), wavevectors in highly dispersive regimes including those with near-zero group velocity. The approach also reduces scattering problems to a system of linear algebraic equations via a sparse, tightly banded matrix. However, in contrast to AGF, the new formulation suggests a natural method of reducing the number of atoms needed in the "contact" region, as well as simple interpretation of the scattered phonon energy flux.
The approach is to approximate atomic interactions from the outset as harmonic and consequently ensure that interactions between phonons are elastic. In analogy to most analytical formulations of scattering problems, we consider an incident plane wave of known frequency/wavevector impinging with a scattering system and producing a scattered wave; by the harmonic approximation, all interactions must be at the same frequency, and thus the time dependence can be safely removed from the problem by assuming all displacement to be temporally sinusoidal and at the same frequency as the incident wave. The difficulty added by this approach is that having exact knowledge of the frequency requires incident and scattered waves that are in principle infinitely extended in space. The implementation and computational characteristics will be demonstrated in one-dimension and compared to exact analytical solutions available for connected semi-infinite monoatomic and diatomic chains over the entire Brillouin zone. In particular, we focus on the ability of the PML to absorb incident phonons without introduction of spurious back-reflections, and find that this places minimum constraints on the number of atoms that must be present in the PML and restricts the range of absorption coefficient of the PML. We then show the extension of the technique to multiple dimensions by demonstrating the calculation of phonon scattering cross section for an atomistically resolved embedded nanocylinder in a 2D crystal lattice.
II. 1-D Crystal Lattice Model Formulation
Simulations are divided into a "primary domain" containing the scattering problem (i.e. the interface or lattice inhomogeneity) and PML domains connected to the edges of the primary domain ( Fig. 1) .
In one dimension, the model consists of a harmonic chain that may have inhomogenously distributed masses and spring constants. The notational conventions used for the masses and springs are given in Fig. 2 .
FIG. 2. Schematic of harmonic chain.
In the primary domain, applying Newton's law for nth atom yields
Where n g is the spring constant of the nth spring and 
Here, n U is the displacement of the nth atom and  is the frequency of oscillation which is given by the dispersion relationship of the material. For scattering problems the total 7 displacement can be considered as the superposition of an incident wave which satisfies the phonon dispersion of the primary medium and a perturbation caused by inhomogeneities in the system (i.e. a scattered wave), so inc n n scat n U U U . In one-dimension, the incident wave frequency and displacements are often analytically calculable, but in general they can be computed as the eigenvalues/vectors of a crystals dynamic matrix for the homogenous phase.
With the incident wave viewed as a known, Eq. 2 can be solved for the scattered wave amplitudes.
Writing the Eq. 3 in a more suggestive form by separating the incident and the scattering wave terms we have, AU C  , where A is a tridiagonal matrix, C is a known vector of incident wave terms, and U is the unknown vector of scattered wave terms.
Numerically, the domain cannot continue to infinity so a PML is employed to absorb the scattered waves, which by energy conservation must be allowed carry energy out of the primary domain. Amongst various options for applying absorbing boundary conditions, perfectly matched layers are a good choice because the reflection coefficient between the primary domain-PML interface approaches zero for large PML thickness. Thus, the effect of a properly designed PML is to absorb wave energy without back-reflection, which makes it indistinguishable from an infinite medium of matched phonon dispersion.
A description of the application of PMLs for discrete atomic systems has been given by Li et al 27 . In one-dimension, the primary result is that inside the PML the equation of motion for each atom is modified such that the net force acting on each atom is
The first two terms on the right hand side are the interatomic forces; the last two terms represent an onsite restoration force and damping coefficient unique to the PML. Here σ is the damping rate coefficient whose value can be considered to be zero inside the primary domain of interest but is non-zero in the PML and may have spatial dependence. It has been
shown that a parabolic spatial profile of the damping function is more efficient at absorbing spurious reflections than a linear one 29 . Hence, we have chosen a damping function given by,
Here max  is the maximum value of the damping coefficient, which occurs at the PML edge furthest from the primary domain-PML interface, and PML L is the thickness of the PML region and x is the distance from the domain-PML interface. The absorbing conditions is only applied to displacements attributable to the scattered wave (i.e. the incident wave travels through the layer unimpeded). Since the goal of 1D simulations is generally to calculate the transmission coefficient of the primary domain, in 1D the incident wave is applied only in the left or right PML domain. Then, converting Eq. 4 into the frequency domain,
Thus, the only difference between the equations governing the PML region (Eq. 6) and the which by energy conservation must also be the energy flux carried from the primary domain by the scattered waves. Thus, Eq. 7 is a convenient means to calculate the total energy reflection and transmission coefficients. Local energy fluxes in the primary domain may also be calculated using the scattered wave displacements, though these are not typically needed to calculate the transmission coefficients of interfaces or scattering cross section in higher dimensions.
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At this point, it is possible to identify the differences between the PML-based formulation and the AGF. According to Sadasivam et al (see Eq. 20 of Ref. 19 ) the form of the final set of equations being solved for a 1D chain by AGF is in exactly the same form as Eq. 6, except that the AGF perturbation term denoted [0 ]  is not identical, yielding the following important insights: (1) the AGF does not contain the onsite restoring term associate with impedance matching of the PML. (2) the AGF effectively uses a constant damping function,  , rather than being spatially ramped one. From this, it is can be observed that AGF can effectively be considered similar to our formulation, but using an "absorbing boundary condition" (ABC)
rather than a PML. This has important implications that will be revisited in Section IV.
We demonstrate the characteristics of the method by using it to predict the phonon reflection and transmission coefficients for connected semi-infinite monatomic and diatomic chains and comparing the results against analytically derivable ones throughout the entire Brillouin zone.
The simulation domains are shown schematically on the left side of As a monatomic test case, mass and spring parameters for the left-most chain are chosen to have mass, sound speed, and lattice spacing similar to silicon ( 1 m =28 AMU, g=44.9 N/m, a=0.272 nm), which is interfaced with a chain of equal spring constant and lattice parameter, but differing mass, 2 m . The total number of atoms in the simulation is 10,000 with 4,500 in each PML and 1,000 within the primary domain; the maximum damping coefficient is chosen as 12 1 1.68 10
The logic behind these PML parameters will be discussed shortly.
The transmitted and reflected wave energies are calculated using rate of energy absorbed by each PML according to Eq. 7. The results are given in Fig. 3 , which shows the simulated phonon energy transmission coefficient, T E , for the interface as a function of dimensionless wavenumber over the entire Brillouin zone for several values of the chain mass ratio, 12 / r m m  . The numerical solutions visually coincide with the analytically known solution 5 .
For the case 1 r  , the maximum phonon frequency in the bulk of medium 1 is lower than in medium 2. Thus, over the entire range of incident phonon frequencies, there exists a 10 propagating mode to transmit energy to in medium 2. For 0 k  , the acoustic mismatch model (AMM) result 7 is recovered; for wavevector comparable to the size of the Brillouin zone T E is suppressed and becomes zero at the edge of the Brillouin zone where no modes of propagation exist in material 1. In addition to lowering the transmission coefficient as 0 k  , smaller r has the effect of broadening the portion of the Brillouin zone that experiences sub-AMM transmission coefficients.
For the case 1 r  , the maximum phonon frequency in material 2 is less than in material 1. Since anharmonicity is absent from the model, it is impossible for some high frequency phonons in material 1 to be transmitted into material 2. This is evident in Fig. 3 as transmission coefficients that go to identically zero when there are no available phonon modes in material 2. In this sense, using coherent models with full dispersion replicates one of the most important features of the diffuse mismatch model (DMM), namely that transmission coefficients drop when there are no shared modes, but without invoking assumptions about incoherent scattering/loss of phonon history. for double precision) using this method, though this is seldom necessary. Although we restrict the scope of results to one dimension here, this result should serve as a useful guideline for choosing PML parameters in multidimensional simulations as well, where tradeoffs between computation expense and accuracy are of greater concern. In one dimension, the model can also be used to study more complicated scenarios. Even applied to connections between diatomic chains, the model gives useful physical insights, as we will show now. To our knowledge, the analytic solution for the reflection coefficient at interfaces of diatomic chains has not been given previously in literature, but it is straightforward to derive the result and this is given in an Appendix The results are given in Fig. 5 . In this case we separate transmission behavior for incident acoustic phonons from that of optical phonons. Note that the traditional AMM yields a prediction for the transmission coefficient of long-wavelength acoustic phonons, but gives no insight to the behavior of optical phonons because optical phonons do not exist in continuum mechanical formulations. The result of the simulation indicates that for acoustic phonons, the transmission coefficient is unity at the center of the Brillouin zone as predicted by the AMM, but goes to zero at the zone edge and is suppressed throughout much of the Brillouin zone.
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For optical phonons, the transmission coefficient is generally low across the Brillouin zone reaching exactly zero at both the center and edge. Thus, even for epitaxial materials with similar acoustic impedance and identical phonon density of states, there is reason to expect low phonon transmission coefficient for short wavelength phonons (both optical and acoustic) that tend to dominate thermal phonon transport at interfaces. These results suggest that it is necessary to consider continuity of the sublattices when trying to design materials with high phonon transmission coefficient for thermal interface conductance applications.
We note that one of the highest thermal interface conductances at ambient conditions that has been experimentally measured is for an epitaxial TiN/MgO interface 14 , which shares both crystal structure (rock salt) and one similar sublattice (O/N) across the interface.
FIG. 5.
Transmission coefficient of connected diatomic chains with GaSb/InAs-like mass ratios.
IV. EXTENSION TO HIGHER DIMENSIONS
We now demonstrate the extension of the method to higher dimensions by calculating the scattering cross section of an embedded cylindrical impurity in a host material over a wide range of wavelengths ( 2 60 aa   or 0.54 nm 16 nm   ).
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In higher dimensions, the PML fully encapsulates the primary domain, rather than forming two separate contacts (Fig. 1b) . Also, since the scattered waves can have both longitudinal and transverse polarizations, it is necessary to provide PML damping/stiffness modifications in both x-and y-directions (and z in 3D). For simplicity, we chose a demonstration case where both the host material and cylindrical region are monoatomic simple cubic materials with the same lattice and elastic constants, but with different atomic masses. Nearest and second nearest neighbor interactions are considered (8 connections per atom, Fig. 6 ). The harmonic decomposition of the x-and y-momentum equations in this case are given by Eq. 
The parameters in Table 1 case, the total mass of the discrete scatterer is 23% lower than the total mass that would be associated with a continuum cylinder of the same diameter and bulk density.
In general, the computational requirements are significantly more demanding as the number of dimensions, n , is increased. The total number of linear equations to be solved is equal to the number of atoms in the simulation box, including those in the PML regions. The number of equations, eq N , to be solved for an n dimensional system with symmetric simulation box is N, depends on the maximum wavelength to be simulated, since each PML must be several wavelengths thick (Fig. 4) . Hence in higher dimensions, it is critical to use a PML with the least number of atoms possible. For example, in the 2D scattering cross section calculation above, 94% of the atoms are located in the PML so the number of atoms in the PML is the primary factor that determines the computational memory requirements as well as the time required to solve the system of equations. As such this manuscript provides guidance in how to choose optimal PML parameters (Fig. 4) . The current approach has proven successful for total simulation boxes up to 2.56 million atoms in 2D on a shared memory computer system with 192 GB of RAM using a direct solver; using an iterative solver should improve this in the future.
Note that numerical memory requirements are not dissimilar to MD, which would track 2N eq variables at each time step. In contrast, the current approach solves a linear system of N eq equations only once for unknown displacements U n scat , which is aided by the fact that the defining matrix is sparse, tightly banded (BW~O(N n-1 )), and diagonally dominant. The memory wasted simulating atoms in the PML region is also comparable to MD since MD wavepackets need several wavelengths of space between their initial location and the scattering interface. While the memory requirements are similar to MD, there are other advantages of using frequency-domain approach. Since the simulation time is independent of the group velocity it is computationally simpler to obtain scattering properties near the edge of the Brillouin zone and for materials with optical phonon modes. In addition, by eliminating the need for wavepacket simulation, the method has the ability to obtain scattering results for individual phonon modes since the incident wave is infinitely extended in space. On the other hand, employing MD on distributed memory parallel computers is more straightforward than the current approach, which maybe a significant advantage for large problems.
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A comparison to AGF is also instructive and may point toward other uses of the PML approach. The accuracy of our method is centered on the ability of the PML to effectively attenuate the scattered waves at the simulation boundaries without spurious reflections. Since PML's are impedence matched with the primary domain material there is minimal reflection from primary domain-PML boundary optimal chosen max  (Fig. 4) 19 ) could be modified by using terms corresponding to a PML to achieve faster convergence and higher accuracy for the AGF method.
The formulation does present an obvious limitation in that inelastic scattering cannot be included due to the assumption of harmonic bonding. This is problematic for capturing the physics of highly mismatched systems such as Pb/diamond 11 , where experimental evidence supports energy transfer mediated by inelastic scattering. The inclusion of anharmonic effects is possible through perturbation theory, but is computationally expensive. However, the lack of anharmonic physics may also be an advantage in situations where it is desirable to separate phonon-phonon interactions from phonon-structure interactions.
V. CONCLUSIONS
A framework for numerically solving elastic phonon scattering problems has been described and demonstrated in one and two dimensions. The method uses a frequency-domain decomposition of the harmonically-approximated equations of motion and perfectly matched layer boundaries to reduce scattering problems to a set of linear algebraic equations with low matrix bandwidth. The approach accurately reproduces available analytic results. By tracking the energy dissipation in the PML regions, the method provides a straightforward quantitative tool for measuring the scattered wave energy.
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Even applied in one-dimension, the model gives physical insight into a number of fundamental interface phenomena: For a monoatomic interface with dissimilar atomic masses, the transmission coefficients for short wavelength phonons are found to be lower than the continuum AMM prediction and identically zero when no modes of equal energy are available for transmittance. For interfaces between diatomic chains, it is found that when there is discontinuity between sublattices, even connected chains of equivalent acoustic impedence have near-zero transmission coefficient for short wavelengths acoustic phonons.
For optic phonons in the same material, the transmission coefficients are also non-unity, reaching zero at both the Brillouin zone edge and center. The observations point to the need to maintain sublattice continuity in order to increase transmission coefficient 
